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A B S T R A C T 
Numerical investigations on mutual interactions between two spatially overlapping standing electro-
magnetic solitons in a cold unmagnetized plasma are reported. It is found that an initial state comprising 
of two overlapping standing solitons evolves into different end states, depending on the amplitudes of 
the two solitons and the phase difference between them. For small amplitude solitons with zero phase 
difference, we observe the formation of an oscillating bound state whose period depends on their initial 
Keywords- separation. These results suggest the existence of a bound state made of two solitons in the relativistic 





The field of laser plasma interactions has seen a resurgence 
after the invention of Chirped Pulsed Amplification (CPA) technol-
ogy, thanks to Mourou, Stickland and co-workers [1,2]. Modern 
lasers having ultra-high intensities (/ > 1018 W/cm2) can drive 
electrons to relativistic quiver velocities. Interaction of such in-
tense laser pulses with a plasma exhibits a rich variety of nonlinear 
phenomena. One such interesting phenomenon, namely the forma-
tion of electromagnetic solitons, has drawn much attention from 
plasma theorists and also from laser plasma experimentalists due 
to the intrinsic interest in their nonlinear properties as well as for 
their potential applications in areas like particle acceleration or in 
the fast ignition scheme of laser fusion. From theoretical point of 
view, a special class of exact one dimensional solitary wave solu-
tions for modulated light pulses coupled to electron plasma waves 
in a relativistic cold plasma has received considerable numeri-
cal and analytic attention in the past few years [3-15]. Physically 
these solutions represent a nonlinear stationary state in which the 
light pulse is trapped in a plasma wave that it generates itself. 
It has been observed in numerical simulations [16,17] as well as 
in experiments [18,19], investigating the interaction of a circu-
larly polarized laser pulse with a plasma that some part of the 
laser energy was trapped in non-propagating soliton like pulse 
structures. 
* Corresponding author. 
F-mnil address- v saxenaOnnh ar nk IV Saxenal 
In a laser plasma experiment, it is very likely that a large num-
ber of non-propagating localized solitary structures are excited 
which remain in the neighborhood of each other. These electro-
magnetic structures are expected to impart a force on each other 
to give rise to interesting phenomena like repulsion, merging of 
solitons or oscillatory bound states. In the present Letter, we in-
vestigate this issue, in detail, with the help of fluid simulations. 
In our simulations, we have followed the evolution of a pair of 
two circularly-polarized standing solitary wave solutions placed in 
the vicinity of each other with an emphasis on the effect of initial 
separation, amplitudes and relative phases of the two solutions. 
Of particular interest is the case of small amplitude in-phase soli-
tary waves because they evolve to a state where the two solitary 
waves change their positions periodically in time. To the best of 
our knowledge this is the first time that a bound state consisting 
of two solitons is reported within the framework of the relativistic 
cold plasma fluid model. Previous works, mainly using PIC simu-
lations, point out the merging of two s-polarized solitons [20] or 
their mutual repulsion in the case of out of phase solitons [21]. 
Our numerical results have a close resemblance to those analyti-
cally obtained by Gordon et al. [22] for the dynamical evolution of 
a two soliton solution, in the form of a bi-soliton state, of nonlin-
ear Schrodinger equation which are relevant in nonlinear optics. 
2. Governing equations, stationary solutions and fluid code 
Our investigation relies on a one dimensional cold plasma fluid-
Maxwell model which has been extensively used in the existing 
literature on laser plasma interactions. The ions are considered to 
form a stationary neutralizing background for the cold electron 
fluid. The model equations are the electron continuity equation, 
the longitudinal electron momentum equation, Poisson's equation, 
and electromagnetic wave equation [5,14], 
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where n(x) is the fluid density normalized to the background 
plasma density no, u is the longitudinal fluid velocity normal-
ized to the speed of light c, A±(x) and <j>{x) respectively rep-
resent the vector and electrostatic potential both normalized to 
mec
2/e. y is the relativistic factor defined by y = \ + p 2 + p \ = 
J(1 + Aj)/([ — u2) where py = yu and p± = A± are the longitu-
dinal and transverse components of the relativistic fluid momen-
tum. The perpendicular electron momentum has been eliminated 
by using the relation u±_ — A±/y = 0, which follows from the con-
servation of the transverse canonical momentum. Time and length 
are respectively normalized to the inverse of the plasma frequency 
&>po = v /4;rnoe2 /me and the corresponding skin depth C/COVQ. 
The coupled set of nonlinear equations ( l )-(4) permits a variety 
of coherent stationary solutions. Among them, a class of travel-
ing soliton like solutions have been discussed by several authors 
in the previous studies [4-12]. In the particular case of standing 
waves, Eqs. ( l)-(4) admit an exact analytical solution [13]. The 
components of the vector potential transverse to the propagation 
direction x of a soliton are given by Ay + iAz = Rj(x)e'(foit+ei\ 
where 
2^1 — a/:Cosh[J\ —6jj(x — Xj)] 
cosh [ \ — a/Ax — Xj)] + or- — 1 
where j indexes different solutions (j = 1, 2), &>j is the frequency 
of the soliton and, for convenience, we introduced the position of 
the (peak of the) soliton Xj and the phase 6j, which are arbitrary in 
the case of a single soliton state. The corresponding fluid velocity 
is u, = 0 and the density expression is 
1.0 + 
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where £j = A\ — coAx — Xj) and the electrostatic potential can be 
easily calculated by solving the Poisson equation (3). The maxi-
mum amplitude RQJ = RJ(XJ) is given by 
<o,j 
2 , 1 •coj 
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(7) 
The amplitude is zero for a>j = 1 while it takes its maximum 
value RQJ = \/3 for &>j = &>cr = ~A2j3. For &> < &>cr the density 
becomes negative and the solitons cease to exist. 
The set of Eqs. ( l)-(4) are solved using the LCPFCT pack-
age of subroutines which are based on the flux correction al-
gorithm proposed by Boris et al. [23]. The subroutine package 
is capable of solving hyperbolic partial differential equations of 
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Fig. 1. The spatial profiles of density n, electrostatic potential <f> and vector poten-
tial \A\ at three different time instants for a single peak nonlinear standing wave 
solutions corresponding to a> = 0.99 for the coupled laser plasma system. 
equation (4) can also be cast into four equations having convec-
tive/continuity form and can thus be solved using LCPFCT. The 
Courant condition for the numerical stability of the algorithm has 
been taken care of while choosing the grid spacing and appropri-
ate time step. Periodic boundary conditions in x direction are also 
imposed. 
The fluid code has been validated by using solution (5), which 
is known to exhibit excellent stability properties [13]. We chose 
an exemplary initial condition with &> = 0.99, corresponding to a 
vector potential amplitude of J?o = 0.2879, and we integrated the 
equations forward in time. The field profiles at different time in-
stants are shown in Fig. 1. The soliton solution remains unchanged 
for the entire simulation time (~ \04ct>^) and thus validates our 
code. 
3. Interaction of two standing solitons 
We now present our simulation results regarding the interac-
tion between two solitary wave solutions. In order to investigate 
such a physical scenario, we have initialized our fluid code with 
a profile made of the sum of two Esirkepov's solitons. For in-
stance the components of the vector potential are Ay + \AZ = 
Ri(x)ei(0^t+e^ + R2{x)ei(m2t+62) and, similarly, the remaining fluid 
and electromagnetic variables are initialized as linear superposi-
tions of two single soliton solutions. As compared with other nu-
merical works in which multiple solitons are excited by a laser 
pulse, our approach singles out the effect related to the interac-
tion of two solitons, by-passing complications due to laser plasma 
interactions. Obviously, due to nonlinearity, our linear combina-
tion of Esirkepov's solitons is not a solution of Eqs. ( l)-(4) and 
the system evolves to different states depending on the parame-
ters controlling the two solitons. Such parameters are (i) the two 
frequencies &>i and &>2 (or amplitudes), (ii) their mutual separation 
d = x\ — x2, and (iii) their relative phase A8 = 6\ — 82. In the fol-
lowing sub-sections we discuss the effect of all these parameters 
on the evolution of the two solitons. 
Case I: Small and similar amplitudes with no phase difference. The first 
set of simulations were run with an initial condition of parame-
ter values on =M2 = 0.999, J?0,i = Ro,2 = 0.0896, A0 = 0. As can 
be seen in Fig. 2, where the initial distance between solitons is 
equal to d = 100c/a»po, the two solitons start moving towards each 
other. At time &>pot = 3400 they merge into one structure from 
which they emerge again and the initial state of the system is re-
covered at time &>pot = 6800. This cycle continues throughout our 
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Fig. 2. The temporal evolution of a pair of single peak nonlinear standing solitary 
solutions corresponding to a> = 0.999 and initial distance d = W0c/a>p0. 
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Fig. 3. Oscillation period versus initial peak-to-peak separation between two solitary 
solutions each with a> = 0.999. 
numerical simulations, in fact for more than 104 plasma periods. 
Another interesting feature is that, even though the two solitons 
are exactly equal at t = 0, the amplitudes become slightly different 
after the collision (for instance amplitudes 0.09636 and 0.09631 at 
o)p0t = 2 x 104). 
Simulations with the same parameters but different distances 
between solitons show that, for attraction to occur, a significant 
part of the body of the two solitons should spatially overlap. More-
over, the time period of oscillation directly depends on the initial 
separation between the peaks of the two solitons, i.e., the farther 
apart the two solitons' centres (peaks) are initially from each other, 
the slower they oscillate around the mean position of the pair. This 
period versus initial distance dependence can be seen in Fig. 3. 
Case II: Small but different amplitudes with no phase difference. When 
the amplitudes of two solitons are chosen to be small but different, 
a very interesting effect is observed in the simulations. It is found 
that the two structures continue to remain bounded but with a fi-
nite separation unlike in the equal amplitude case discussed above 
where the two structures propagate towards each other until they 
meet at their mean position. Thus, the interaction between the 
two solitary structures can be controlled by changing the ampli-
tude difference between them. This is an important feature which 
has an analogy in optical fiber communication where it is utilized 
for lossless transmission of signal [24]. A numerical simulation is 
shown in Fig. 4 where two non-propagating soliton solutions with 
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Fig. 4. The temporal evolution of a pair of single peak nonlinear standing solitary 
solutions corresponding to a>\ = 0.999 and a>2 = 0.998. 
«i = 0.999 (J?o,i = 0.0896), o>2 = 0.998 (i?0,2 = 0.1269), AG = 0 
and d = \00c/o)po are chosen for the purpose of presentation. It 
can be noticed that the two solitary structures never come closer 
than a finite separation but rather oscillate between states of min-
imum and maximum separation. A small oscillation in the ampli-
tude of the solution with o)2 = 0.998 is also observed with J?o,2 
taking values between ^0.13 and ^0.154. 
Case III: Small and similar amplitudes with finite phase difference. If 
a phase difference between the two solitary solutions is intro-
duced, bound states are not always observed. The top panel of 
Fig. 5 shows the spatio-temporal evolution of the vector potential 
for a simulation started with two solitons with o)\ = a>2 = 0.999 
(i?o,i = ^0,2 = 0.0896), phase difference A6 = O.ITT and distance 
d = 100c/&>po. It can be seen that the two structures are first at-
tracted towards each other but eventually they separate and evolve 
into escaping solitons. If we choose a smaller phase difference the 
solitons complete some (almost periodic) oscillations before they 
escape, e.g. for A6 = 10~2TT they complete two oscillations, see 
bottom panel of Fig. 5. In general, for decreasing A6 the solitons 
oscillate for a longer time before they separate. For A6 = 10~4TT 
the solitons appear to converge to a bound state, as we observe no 
separation after 7 oscillation periods (not shown). 
Case IV: Large amplitude regime. Now we consider an initial condi-
tion made of two standing solitary waves with parameters o)\ = 
co2 = 0.99 (J?0,i = Ro,2 = 0.2878), AG = 0 and d = 60c/o>p0. In 
Fig. 6 we observe that the two structures are attracted towards 
each other as in the small amplitude case and completely over-
lap with each other. However, unlike in the small amplitude case 
(Case I), the two structures do not remain intact after the collision 
and undergo a change in shape as well as in amplitudes. Moreover, 
we note that the emerging structures keep moving in the opposite 
direction and thus the final state in this case is a pair of escaping 
solitons. 
To summarize, we have reported numerical observations re-
garding the time evolution of two closely spaced standing electro-
magnetic solitary waves in a plasma. Cases I and II, which corre-
spond to small amplitude solitons with no phase difference, are of 
special interest as they show, for the first time, that bound states 
consisting of two solitons oscillating periodically in time can oc-
cur within the relativistic cold fluid framework. Case III, indicates 
that the introduction of a large enough phase difference between 
the two solitons can lead to an unbounded solution, consisting of 
escaping solitons, after an initial oscillatory phase. 
Fig. 5. Top panel: the temporal evolution of a pair of single peak nonlinear standing 
solitary solutions corresponding to a>-[ =a>2 = 0.999 but with a finite phase differ-
ence Afl = O.ljr. Bottom panel: the same as in the top panel, but with Afl = 10~2?r. 
Fig. 6. The temporal evolution of a pair of single peak nonlinear standing solitary 
solutions corresponding to a> = 0.99 and with no phase difference Afl = 0. 
In the case of two large amplitude solitons (Case IV), the initial 
oscillatory phase hints to the existence of a bound state. However, 
the initial condition used here is not within its basin of attrac-
tion and the two solitons eventually diverge. In order to determine 
initial conditions which would lead to oscillations involving large 
amplitude solitons, the solutions presented here would have to be 
refined by iterative methods such as those used, for instance, in 
Ref. [12] for s-polarized solitons. 
It is well known that in small amplitude limit the solitary 
waves are described by the nonlinear Schrodinger equation (NLSE). 
We recall that the NLSE is an integrable equation that admits 
multi-soliton solutions. Since our fluid simulations relied on a su-
perposition of two standing solitons, of special interest appears to 
be the case of NLSE solutions made of two pulses with exactly 
equal velocities. These solutions are called bi-solitons [25] and they 
are bound states with time periodic behavior, similar to the behav-
ior observed in our simulations. The NLSE thus seems to capture 
the essential aspects of the dynamics, and provides an appropriate 
model to be used as a basis in a detailed investigation of soliton 
interaction. This exceeds our scope here, and will be the object of 
a future work. 
Our numerical observations, for instance the dependence of the 
interaction on the distance between the solitons or the existence of 
solitons with different amplitudes after the collision, are in quali-
tative agreement with the analytical and numerical results of Xu et 
al. [26], who investigated the interaction between soliton solutions 
of the NLSE with higher-order effects. Similar studies of interact-
ing pulses have been carried out in nonlinear optics, relying on 
the NLSE paradigm [22]. We emphasise the fact that our investi-
gation at hand has focused on interacting Esirkepov-type solutions, 
as given by expression (5) above [13]. Therefore, our result apply to 
finite (large) amplitude electromagnetic pulse excitations, in con-
trast to the small amplitude NLSE theory (which does seem to cap-
ture the basic qualitative aspects of the dynamics, yet is essentially 
distinct in nature, and limits itself to the small amplitude limit). 
In conclusion, we have reported a series of numerical obser-
vations of the interaction of two closely located standing solitary 
waves in a cold fluid plasma model. Such a configuration is studied 
in a laser plasma framework for the first time, to our best knowl-
edge. The effect of initial spatial separation, initial phase difference 
and of amplitude difference between the constituent solitons on 
the interaction characteristics has been investigated. The numer-
ical observations presented here provide an analogy with results 
available in other fields, for example in nonlinear optics [22]. Our 
findings advance current knowledge in nonlinear laser plasma in-
teractions, providing inspiration for further studies. Furthermore, 
these results should be of importance to other fields where non-
linear dynamics are relevant. 
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